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In order to find a Riemannian metric g, on IR* which is conformal to the 
flat metric (gij = e2’Bij) and which has a prescribed Gaussian curvature 
K(x), one must solve the nonlinear elliptic equation 
Au + K(x) e*’ = 0. (1) 
In this paper we consider the nonpositive case K < 0. 
The existence of solutions to (1) depends on the asymptotic behavior of K 
(which we always assume to be Holder continuous). Sattinger [5] showed 
that if KG0 on IR* and KG-C,r-* for r=/xj>r,, (where C,,r,>O), 
then (1) admits no solution. On the other hand, if K # 0 and -Cr-’ < K < 0 
where C > 0 and I > 2, then Ni [4] has shown that for every a E (0, /I) where 
/I = min(8, (I - 2)/3) there exists a solution of (1) satisfying 
u - log (Xla = 0( 1) as /xI-+co. (2) 
The purposes of this paper are to generalize the value of /3 in Ni’s results to 
(I - 2)/2, show this value is sharp, and improve the asymptotic description 
(2). These are achieved in the following. 
THEOREM. Zf -CT’<KG0 where C>O and 1>2, and K(x,)<O, 
then we can solve (1) and (2)f or every a E (0, (1 - 2)/2). In fact there exists 
a C* solution u and a constant u, satisfying 
u - log Ix - xOla - u, = O(G) as r=JxI-+oo (3) 
for every y > max(-1,2 - 1 + 2a). Moreover, if K < -C,r -’ for r > r,, 
(where C > C, > 0) and a > (I - 2)/2 then (1) admits no solution satisfying 
(2). 
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We shall prove this theorem by analyzing the more general equation 
Au + K(x) ezu = f(x) (4) 
where f is also Holder continuous. In Section 2 we establish the following 
result for (4) using the linear theory of [3] and the fixed-point theorem of 
Leray-Schauder. 
LEMMA A. Suppose 1 f 1, 1 KI = O(r-‘) where I > 2 such that K < 0, 
K < 0 on suppf, and if(x) dx < 0. Then 
0 < ,“$ $ < co (5) 
and (4) has a bounded C* solution u which approaches a constant u, at 
infinity; in fact 
u - 24, = O(rY) as r+a3 (6) 
for euery y > max(-1, 2 - I). 
The following nonexistence result for (4) is a generalization of Sattinger’s 
result. 
LEMMA B. If KG0 in R* with KG-C,r-* andf >Ofor r> r,,, then 
(4) admits no C* solutions which are bounded from below: 
u > -C’. (7) 
In Section 3 we show how to modify Sattinger’s argument to prove 
Lemma B. 
The theorem is easily deduced from the lemmata as follows. Suppose 
K(x)<0 for lx-x,1<&. Let u,EC”O(lR*) with u,,=logIx-xOld for 
(x-x0/>&, and&,>0 in R*. Write u=u,+u,. Equation(l) becomes 
Au, + K,(x) e’“I = f,(x) (8) 
where -Cr--1t2u <K, = Ke*“O < 0 and f, = -Au, has compact support on 
which K does not vanish. If 0 < a < (I - 2)/2 then K, and f, satisfy the 
hypotheses of Lemma A with I replaced by I- 2a, so we may solve (8) for 
u,; the asymptotic behavior (6) for u, implies (3). On the other hand, if 
K~-C,r-‘anda~(I-2)/2,thenK,~-C~r-*forr>r~;sincef,=Ofor 
r > Ix,, 1 + E Lemma B asserts that (8) admits no bounded solutions. Since 
log Ix -xgy -log (XIQ = O(1) as [xl+ 00 this shows that (1) and (2) 
cannot be solved. 
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1. SOME LINEAR THEORY 
For 1 ( p < co, s E N (the nonnegative integers), and 6 E R the weighted 
Sobolev space ikff,, is defined as the closure of CF(lR”), P-functions with 
compact support, in the norm 
IlaP*= x IIV + IX/)S+‘a’ Cullw 
Inl<s 
These spaces enjoy many properties similar to the classical Sobolev spaces 
on bounded domains: 
if s’ > s and 6’ > 6, with (1.1) being a compact injection if s’ > s and 6’ > 6; 
MZ,a = C,(‘R2) (1.2) 
(where C,(lR2) denotes continuous functions vanishing at infinity) if s > n/p 
and 6 > -n/p. These results are not difficult to verify (cf. [ 1, Sect. 51). 
These weighted Sobolev spaces are particularly useful for studying A in 
R”. It was shown in [3 1 that 
is injective if 6 > -n/p, dense range if 6 < -2 + n/p’. and in general 
Fredholm with explicitly describable null-space and range whenever 
6 f -2 + n/p’ (mod N) and -6 f n/p (mod N). In particular we are 
interested in the following special case: 
If n=2 and -2/p < 6 < -2/p+ 1, then (1.3) is an 
injection with closed range equal to 
R= ~-cZM&+~: 
I 
Jf(xW=O I 
(1.4) 
and the a priori inequality 
II fJ IIM2qS G c lb IIM{,s ,* 
holds for all u E M;,,. 
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2. PROOF OF LEMMA A 
Let X = Mf,d where p > 2 and -2/p < 6 ( -2/p + min( 1, I - 2). By (1.2) 
we have Xc C,(lR*). For u E X let 
Notice that C, is well-defined and that 
(f -Ke *(“+cd) dx = 0. 
Consider the linear problem 
dw = f - Ke*(“+cr). 
(2.1) 
(2.2) 
(2.3) 
Let 6’ satisfy 6 < 6’ < -2/p + min( 1, I - 2); then 
f-Ke . *(“+=J E M,P St+* 
so by (1.4) and (2.2) we can solve (2.3) for w E Mt.,,. Let w = TV. Then 
T: X-1 MI.6, is continuous. But M[,,, c X is compact by (1.1) so 
T:X+X (2.4) 
is compact. 
We wish to show that (2.4) has a fixed point. Suppose that v = tTv where 
vEXand O<t< 1, so 
Au = t(f- Ke2’“+C~)). (2.5) 
Using (1.4), (2.9, and Ifl, IK:( = O(r-‘) we find 
II VII, < II 41MZq8 G c lldv IlM{*+* 
= Ct IIf - Ke2@‘+cu) ll~ia+, 
< C,Cf,K) ;zg (e2(“+c~)I. (2.6) 
Functions in X are Holder continuous (since p > 2) as are f and K (by 
hypothesis). Elliptic regularity implies v E C*(R*) f7 C&R*) so at the 
maximum value of u we have dv < 0. Now K cannot vanish at a maximum 
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point x, of V. (Otherwise, since v is harmonic in iR’\supp K and vanishes at 
infinity, we may assume by the maximum principle that x,,, E 3(supp K). 
Construct an open ball B with x, E i?B, Bnsupp K# 0, and 
B n supp S = 0. Then ~1 is a nonconstant subharmonic function in B, so the 
normal derivative at x, is positive, contradicting x, being a maximum point 
of u in I?*). Since e2”+‘J is maximized where t, is, we have by (2.5) 
e2w+c,) <f. 
(2.7) 
Using (2.6), (2.7), and (5) we obtain the a priori inequality 
II 0 /lx G Cdf, K) (2.8) 
for all solutions (v, t) of (2.5). The Leray-Schauder Theorem (cf. 12, 
p. 2221) now asserts that (2.4) has a fixed point. 
Recall that 6’ was arbitrary in (6, -2/p + min(1, l- 2)) and 
lq6” c M& for 6” > 8’. This means that (2.4) must have a fixed point 
GE f-) {M,P,,,: 6’ < -2/p + min( 1, 1 - 2)). 
This means that V = O(ry) for all y > max(-1, 2 - I). Lemma A is now 
proved if we let u = fi + u, where u, = C,. 
3. PROOF OF LEMMA B 
Suppose u > -C’ and u satisfies (4) where K ,< C, rP2 and f 3 0 for 
r > ro. Let 
Q-1 =+-J’” U(T, 6) de. 
0 
By Green’s Theorem 
Ke2’p dp dt3 + &-lr fRfp dp de. 
0 0 
(3.1) 
By the hypotheses there exists rl > r. such that C(r) > 0 for r > r,. Letting 
t = log r and m(t) = Z(e’) we have 
ni(t) > 0 for t > t, = log rl. (3.2) 
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Differentiating (3.1) with respect o P > r,, we find 
Ke2” d8 + -&j2nfd0 
0 
C 
i 
2n 
>y 2nr o 
e2’ de 
SO 
C(t) > Ce2m(r) for t>t,=logr,. (3.3) 
But there are no entire solutions of the differential inequalities (3.2) and (3.3) 
for t > t, (cf. [5]). This contradiction completes the proof. 
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